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Let us consider the following classical results.
Theorem 1 (Napoleon’s theorem). Given an arbitrary triangle. The centers of the
equilateral triangles that are erected on the edges and lie outside the triangle form an
equilateral triangle.
Theorem 2 (Varignon’s theorem). The midpoints of the edges of any quadrilateral form
a parallelogram.
Figure 1: Napoleon’s theorem (left) and Varignon’s theorem (right).
What do these theorems have in common? We claim that they both are examples
of immediately regularizing natural polygon iterations in different planar geometries and
present a new and analogous result in projective geometry.
1 Introduction
Polygons have always been an object of fascination of mathematicians since the ancient
times. They are appealing because of their simplicity, elegance and ubiquity in mathemat-
ics. The study of geometric constructions on polygons is probably as old as mathematics
itself. If such a construction creates a new polygon, we can consider it as a self-map on
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the space of polygons and study the dynamical behavior of its iterates. We use the term
polygon iteration to emphasize our focus on the dynamical aspect of that construction.
One classical example of polygon iterations is the midpoint mapM which constructs
from a polygon P a new polygon Q whose vertices are the midpoints of the edges of
P . The map M is affinely natural, i.e. it commutes with all affine transformations,
and is known to have connections to finite Fourier analysis [8] and outer billiards [7, 9].
The most interesting dynamical aspect of the map M is perhaps the fact that, under
the iteration of M, the affine shape of P will converge to that of a regular polygon, for
almost any starting polygon P . We say that the iterates of M regularize P .
Figure 2: The midpoint map M on a hexagon. (P is blue and its image Q is red.)
The above statement is vacuous when P is a triangle simply because all triangles are
affinely equivalent to each other. In the first nontrivial case of quadrilaterals, Varignon’s
theorem asserts that the midpoint map M sends any quadrilateral to a parallelogram,
which is affinely regular because it can be mapped to a square by an affine transformation.
In other words, the mapM immediately regularizes quadrilaterals. Therefore, we can
interpret Varignon’s theorem as saying that the midpoint map is an affinely natural and
immediately regularizing polygon iteration on quadrilaterals.
Analogously, we can see Napoleon’s theorem as a statement in similarity geometry
describing a natural and immediately regularizing polygon iteration on triangles.
How can we extend these results to projective geometry? First, let us explain what
immediately regularizing natural polygon iterations are in projective geometry.
2 Klein geometries
In geometry, Felix Klein’s Erlangen program [2] is one of those “grand schemes of things”
that propose a radically new perspective that puts various geometric theories in the same
tent and connects them to big contemporary ideas. At the heart of the Erlangen program
is the interpretation of a geometry G on a space X as the action of the Lie group Aut(G)
of automorphisms of G on X. For example, according to Klein, the Euclidean geometry
of the plane R2 should be thought of in terms of the action of the group Euc(R2) of
Euclidean transformations on R2. Therefore, the study of geometries can be reduced to
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that of the corresponding Lie groups and their actions, which was a burgeoning field in
Klein’s time and is now a classical and well-studied area of mathematics.
Among the Klein geometries of the plane, there is a tower of supergeometries of
Euclidean geometry Euc2:
Sim2 ⊂ Aff2 ⊂ Proj2,
which comprises of similarity geometry, affine geometry and projective geometry. Their
automorphism groups can be ordered by inclusion as following:
Sim2(R) ⊂ Aff2(R) ⊂ Proj2(R).
Strictly speaking, the Lie group Proj2(R) acts on the projective plane RP 2, which is an
extension of the plan R2, but this technical point will not noticeably affect our discussions.
2.1 Natural constructions
Klein’s view of geometries as group actions provides a notion of natural geometric con-
structions. A geometric construction, particularly a polygon iteration, is called natural
if it commutes with any automorphism of the underlying Klein geometry. Therefore,
Napoleon’s construction is natural in similarity geometry and so is Varignon’s in affine
geometry.
Natural polygon iterations can also be considered as self-maps on the moduli space
of polygons, which is defined as the quotient of the space of polygons by the diagonal
action of the automorphism group Aut(G).
2.2 Regular polygons
In a planar Klein geometry, a polygon is called regular if it can be carried by an automor-
phism to a regular polygon, defined in the Euclidean sense. For example, parallelograms
are affinely regular. Furthermore, a polygon iteration on n-gons, i.e. polygons with n
vertices, is immediately regularizing if it transforms an arbitrary n-gon to a regular
n-gon.
Figure 3: An affinely regular pentagon (left) and a projectively regular hexagon (right).
3
3 A projective analogue
In this section, we are concerned exclusively with projective geometry. The notions of
natural constructions, regular polygons, moduli spaces of polygon, and so on, should
be understood within the context of projective geometry. The words projective and
projectively are sometimes omitted to avoid repetition.
Given 4 points A,B,C,D, we construct the points P = AC∩BD, Q = AB∩CD and
H = BC ∩ PQ. Then we parametrize the line PQ by using a projective transformation
to map it to the projective line RP 1 = R ∪ {∞} so that P,H,Q correspond to the
points 0, 1,∞, respectively. Let Hλ denote the preimage of a point λ in RP 1. We write
Hλ(A,B,C,D) to denote this natural construction, which depends on the parameter
λ ∈ RP 1.
This construction can be extended cyclically to any polygon. More precisely, we can
apply Hλ to consecutive quadruples of vertices of a polygon and obtain a natural polygon
iteration, also denoted as Hλ.
A
B
C
D
P = 0
Q =∞
H = 1
Hλ = λ
Figure 4: The construction Hλ.
Now we can state our main result.
Theorem 3 (Main Theorem). Let φ = 1+
√
5
2
be the golden ratio. Given an arbitrary
pentagon whose vertices are denoted as A,B,C,D,E, the pentagon with vertices
A′ = Hφ(B,C,D,E),
B′ = Hφ(C,D,E,A),
C ′ = Hφ(D,E,A,B),
D′ = Hφ(E,A,B,C),
E ′ = Hφ(A,B,C,D),
is projectively regular. In other words, the natural polygon iteration Hφ is immediately
regularizing.
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Figure 5: The map Hφ on a pentagon.
Note that the Main Theorem, as well as Napoleon’s and Varignon’s theorems, do
not require the involved polygons to be convex or simple. We also note that the points
A,B,Hφ(A,B,C,D), C,D form a projectively regular pentagon.
One way to prove this theorem is that we first symbolically compute the points
A′, B′, C ′, D′, E ′ based on the coordinates of A,B,C,D,E and then check that the pen-
tagon A′B′C ′D′E ′ is indeed projectively regular. This can be done with any computer
algebra system such as Sage, Maple and Mathematica. A purely geometric proof would
be desirable but is not known to the author.
The Main Theorem was discovered in our study of the polygon iterations Hλ on
pentagons. Empirically, for λ 6= 0,∞, it is observed that Hλ is regularizing for almost all
starting pentagons. Therefore, we can try to define the Julia set of Hλ to be the subset of
the moduli space of pentagons that will not converge to the equivalence classes of regular
polygons. Here are the pictures of the Julia set of Hλ for some λ in (0,∞).
Figure 6: The Julia sets of Hλ with λ = 0.2, 1.4 (≈ φ) and 7.0 in an appropriate
coordinate system of the (2-dimensional) moduli space of pentagons.
Observe that the Julia set seems to disappear when λ tends to the golden ratio
φ = 1+
√
5
2
. This made us notice the distinctiveness of this particular parameter and led to
the finding of the Main Theorem. The polygon iterations Hλ are themselves fascinating
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objects of study and are explored in [3]. The best-known members of this family are
perhaps the pentagram map H0 and its inverse H∞, which are discrete integrable systems
[5, 4]. Another prominent member is the projective heat map H1, which has been studied
extensively for the case of pentagons in [6] and was the original motivation for the maps
Hλ.
There is a related result.
Theorem 4. Let ψ = 1−
√
5
2
= − 1
φ
. Given an arbitrary pentagon ABCDE, the pentagon
with vertices
A′ = Hψ(B,C,D,E),
B′ = Hψ(C,D,E,A),
C ′ = Hψ(D,E,A,B),
D′ = Hψ(E,A,B,C),
E ′ = Hψ(A,B,C,D),
is projectively star-regular, i.e. it is projectively equivalent to a star-regular pentagon.
A
A′
Figure 7: The map Hψ = H−1/φ on a pentagon.
Yes, you see it right – the sets {A,B,C,D,E} and {A′, B′, C ′, D′, E ′} are the same
in both Figure 5 and Figure 7! This is not a coincidence but the reflection of a symmetry
within the family Hλ. Specifically, Hλ and H−1/λ are conjugate modulo a relabeling of
the vertices that transforms a convex pentagon to a star-convex one. This fact is not
hard to show, but see [3] for more details.
4 Some further questions
Here are some interesting and related questions.
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Question 1. Are there higher-dimensional analogues of Napoleon’s theorem, Varignon’s
theorem and the Main Theorem?
Question 2. Are there analogues in other Klein geometries?
Question 3. Are there analogues of Varignon’s theorem and the Main Theorem for other
n-gons in the spirit of the Petr-Neumann-Douglas theorem [1]?
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